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Abstract-The problem of setting up the optimal sequence for construction of water facilities in water 
systems is presented. The problem is formulated as a deterministic model where all economic parameters of
the water plants and the entire system are assumed to be known. Then, uncertainty of those parameters has 
been taken into account and the appropriate model is described. 
INTRODUCTION 
The development of water resource systems is very complex and must deal with a variety of 
scientific, technological, economical and social issues. This forces the necessity to analyze a 
significant number of variants and creates new problems, i.e. investments. One such problem 
which has been almost completely neglected until this time, is that of sequencing the con- 
struction of water facilities (including reservoirs, water supply treatment plants, canals, power 
plants, etc.) which have been determined to be feasible based on technical-economical criteria. 
This problem was first formulated by Butcher et al. [l] and was then developed by others such 
as Becker and Yeh [2], Erlenkotter [3,4], Morin and Esobgue [S], Rinaldi et al. [6] and others. 
In general, the problem consists of minimization (or maximization) of a certain function, 
f(5), where 5= 1, J i x. is a set of pairs of numbers; the first is an object number, the second is 
the related date of the beginning of the object’s realization: 
minimize (maximize) f(t) 
with constraints: gJ5) d bj forj={l,2,...,n} 
where gj(t) are real functions and bj are constant coefficients. 
Usually, f(l) is assumed to be the sum of different types of costs, but this function is also 
known in other forms. Rinaldi et al. [6] minimize a water pollution indicator in the water system 
to determine the optimal sequence of water treatment plant installations. As constraints, the 
relations concerning demands are taken. Those demands can be expressed either in natural 
units (i.e. m3/s or mg 0,/l) or monetary terms. A very important group of constraints deals with 
the interdependency between particular objects in the system. Their existence affects 
significantly the sequence of plant realization and their distribution in time. 
It should be taken into consideration that formulation and an attempt for solution of the 
sequential problem can give other advantages than just the optimal solution. Namely, it is possible 
that the feasible solution does not exist. In this situation, decision making concerning the initiation 
of system realization can lead to serious perturbances to the realization process. 
Of course, in every system that has been realized heretofore, certain sequences have been 
set up. However, the choices were made on the basis of intuition or professional experience. It 
is easy to see that for m objects to be ordered m! solutions are possible. Therefore, when 
m = 20 we have m ! = 2.4 x lo’*. Choosing the best available solution forces the necessity of 
developing the objective tools with which to do it. It should be expected that setting up the 
optimal or quassi-optimal solution would save expenses due to the fact that water plants are 
usually very capital consuming. 
tPresent affiliation: Hydrologic Research Laboratory, OA/W23, National Weather Service, NOAA, 8060 13th Street, 
Room 530, Silver Spring, MD 20910, U.S.A. 
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Most of the investigators have formulated this problem as a dynamic programming problem 
eventhough it is very useful to describe it as a zero-one integer programming task. We will use 
this form to help us describe the sequential problem under uncertainty. 
THESEQUENTIALPROBLEMFORMULATION 
Let’s define n as the number of years within the planning horizon and m as the number of 
objects to be introduced. For each object, investments, maintenance costs, material means, etc. 
as well as different kinds of effects, are known for each year of its realization and activity. 
The following optimization task can be formulated: fix date Xi (for i = {1,2,. . . , m}), the 
beginning of realization of each of m objects within the planning horizon, in such a way as to 
optimize the goal function and to get the planned effects without violating existing limits. 
Let’s assign the following function as a goal function: 
which is to be minimized. 
Let the constraints be: 
igM Liti 5 Rig Vj E N 
‘fqEQ 
di s Xi S n iEM 
(1) 
(2) 
(3) 
(4) 
(5) 
Xi E N (the natural numbers et) 
where: M = { 1,2, , . . , m}; N = {1,2,. . . , n}; P = { 1,2, . . . , u}; Q = { 1,2, . . . , u}; ai, is a dis- 
count factor for i object and t year and is computed from the equation 
Ui, = (1 + r)-’ (6) 
with discount rate r; Iit is the investment cost for i object and t year, for t = 0 it can be the 
design cost; Kit is the maintenance cost; Ei,p is the p kind of effect for i object and t year and 
must be expressed in units which will enable summarization of the effects of p kind over the 
whole set of objects under consideration; Xi is the starting date of the i object realization; 
Eiip(Xi) is determined as 
(7) 
L,(Xi) is material means of q kind for i object and j year. Partially, for q = 1 it means the financial 
funds defined as 
(8) 
Dip is a demanded effect of p kind for j year: R/q is a limit of material means of q kind for j year. 
The effects stand for such effects as: the amount of water supplied for customers, the 
electrical energy production, the water quality, the BOD reduction level, etc. The material 
means are finances, equipment, constructive lements, the efficiency of the building trade, etc. 
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To simplify the notation in the following discussion, we will limit the range of our interest o 
the case where P = {I} and Q = { 1). 
The above described optimization problem has goal function as well as constraints which 
are non-continuous and non-linear. As a matter of fact, it is a non-linear integer programming 
problem. However, it is quite easy to rearrange it to a linear zero-one integer programming 
task.Letcu=n-j-k+2andp=n-k+l.Also,ifwehave 
Cij = “2’ Qi,(lit + Kit) VjEN (9) 
I=0 
then each Cij value stands for the total discounted cost of existance and operation of i object, 
assuming that its realization started in i year. Thus, the new optimization problem is: 
minimize igM j$N CijXij 
with constraints 
x Xij 5 1 
/EN 
Vi E M 
& jgN eijkxij zDP Vk E N 
where 
&a for a 2 1 eijk = 
0 a<1 
Vk E N 
UO) 
(11) 
(12) 
(13) 
(14) 
where 
L, = 
i 
x 2'Xkj 5 2 2jXlj 
jEN jEN 
kXij=O 
j=/ 
Xij = 1 or Xij = 0 
for aB 1 
u<l 
for k E M 
IEM 
for i E M 
di E N U (0) 
Vi E M 
ViE N. 
(15) 
(16) 
(17) 
(18) 
The zero-one integer programming task we obtained has n * m variables and 2 * n + m 
constraints (for the case P = {I}? Q = (1) and without regard to (16) and (17) types). 
The constraints of the (11) type say that each object can be realized only once. Each of n 
inequalities (12) guarantees that demands are satisfied, type (13) ensures that limits are not 
broken. Constraints (16) and (17) concern subsequence of objects (k before j), xii = 1 means, of 
course, that the i object realization starts in year i, Xij = 0 indicates the case when it is going 
or has not started yet. 
The above formulated problem can be solved by the well-known algorithm as a Balas 
method[71. For bigger tasks, the statistical optimization as well as the heuristic method have 
been proposed in order to obtain the sub-optimal solution (KrajeWski[8]). 
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THESEQUENTIALPROBLEMUNDERUNCERTAINTY 
Our previous consideration dealt with the problem of seeking an optimal sequence of water 
plant realization assuming that all costs, effects, as well as demand istribution are known over 
the planning horizon. However, that assumption is a simplification of reality because actual 
costs are related to the technologies currently used. Also, effects are disturbed by exceptionally 
bad meteorological and hydrological conditions. Finally, the demand distribution during the 
planning period might completely differ from those assumed. 
Now let’s formulate the sequential problem considering uncertain characteristics of demand 
distribution. In addition, it should be pointed out that the notion “uncertain” has been used on 
purpose instead of using a “random” term. The reason is that the measure of this uncertainty 
should not be treated as a probability in a statistical sense. 
Let’s assume that demands are known for each year within the planning horizon as well as 
some numbers from the range (0,l) saying the chance of such demand exists. Let’s say that for j 
year the k value of demand, Df, is related to chance Pf. Also, all other parameters, 
characterizing the planned plants such as investments, maintenance costs and effects, are 
known. At the time of making a decision, concerning the sequence of introducing the objects, 
the real values of demand are not known. Thus, as a result of an arbitrarily chosen sequence, a
surplus or an inadequate production ability will occur and will cause economical loses. 
If, for instance, the total effect of an entire system constructed with sequence ?T is ET for 
the j year, and demands are Df, the loss s, will occur if ET < Dr. This loss may be estimated as 
a function of unmet demand. If the relation is Ey > Df, the loss s2 is caused by overinvestment. 
Thus, the optimal sequence may be defined as a sequence which minimizes the total sum of 
discounted investments and maintenance costs and a function of sI and s2 losses. 
The measure of loss sI can be described as follows: 
and for s2: 
(19) 
where ejj, are effects defined as in equation (12) using index q in place of k. Also, the symbol 
(q)+ is defined as: 
(4)+ = max (0,4) (21) 
and K={1,2,..., k,} where k, is a number of possible demand levels. 
Therefore,.the search for an optimal sequence of water plants with uncertain demands is 
resolved by the following optimization problem: 
minimize i& izN cij-%j +M(si) + M(s2) 
with restraints: 
(22) 
Vq E N (23) 
Xij = 0 or Xij = 1 Vi E M and Vj E N 
jFN Xij 5 1 Vi E M. 
The limits Lij~ in equation (23) concern financial funds and are defined as in equation (13). 
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The expressions contained in equations (19) and (20) can be simplified by introducing new 
variables 8 and 4. Let’s assign: 
and 
iEM jEN + 
Vq E N. (24) 
Let’s assume then, that the functions f, and ji appearing in equations (19) and (20) are 
linear. Now, substituting (24) into (22), the optimization task is: 
minimize %kp:-q+l+a c 2 $qkp;-,+, 
qEN kEK 
with restraints: 
jzN xij 5 l 
Vq E N 
Vi E M 
(26) 
Xij = 0 or Xij = 1 ViE M, VIE N 
aq4p 2 0, t$qgt 2 0 Vq E N and Vk E K. (27) 
The A and 6 in the objective function can be interpreted as unit loss coefficients expressed 
in monetary terms, resulting in surplus or the inadequacy of productive abilities, respectively. 
The task described above is an integer programming problem, assuming that all its 
coefficients are integers. This assumption does not change the generality of the problem. 
It is worthwhile to note that the new formulation of the sequential problem did not cause the 
enlargement of the task. The number of all possible solutions remains unchanged. However, it 
does not mean that the new problem is easier to solve; on the contrary, it is even more difficult 
because of the greater number of new variables 9 and 4. 
The problem can be stated as a zero-one integer programming task: 
minimize i& jzN CijXij 
with restraints: 
jFN xij 5 l Vq E N Vi EM 
Vq E N 
X;j = 0 or Xij = 1 Vi E M and Vj E N. 
(28) 
(29) 
(30) 
The above approach is an example only and does not deplete other existing possibilities of 
formulating the sequential problem under uncertainty. 
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Formally, the described approach can be extended with respect o the uncertain character of 
other components uch as: limits of funds for each year, realization costs and effects of plants’ 
existance. It seems however, that such extention would be premature for various reasons. 
First, the estimation of the uncertainty levels would be very difficult for those components, 
particularly for realization costs. Secondly, the estimation of uncertainty of effects desires very 
detailed statistical analysis of hydro-meteorological processes affecting those effects. Finally, 
every attempt to extend the sequential problem seriously enlarges numerical difficulties. 
Because of the lack of fast and efficient methods of solving the large size of the sequential 
problems in its determinate form, it is hard to expect the task to be successfully solved 
considering the uncertainty of the mentioned components. One can judge, that after intensive 
efforts to obtain effective numerical algorithms, those factors will be able to be considered. 
SUMMARY AND CONCLUSIONS 
The sequential problem in water resource systems has been presented. The formulation of 
its determinate form as well as the consideration of uncertainty has been described. Now, let’s 
mention some other aspects of this problem, related directly or indirectly to the above text. 
First, it is worthwhile to point out that the sequential problem for complex systems is a 
multicriterial problem by its own nature; such approach as not been applied here, but, it would 
be a natural extention after having the efficient algorithms for solving the one-criteria1 problem. 
Also, the influence of object location has not been considered in the optimal solution. In 
dealing with certain kinds of objects (i.e. water treatment plants), location is a very important 
factor affecting the solution and can be taken into consideration by including additional 
constraints or, for larger systems, by simulation techniques. 
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